Abslmd-In this paper a new balanced realization method for nonlinear systems is proposed which is based on singular value analysis of Hankel operators. The proposed method halances the relationship between the input-to-state behavior and the state-to-output behavior of nonlinear dynamical systems, whereas the existing results only balance the relationship among the coordinate axes of the state-space. This result is expected to be a basis for new model reduction and system identification of nonlinear systems.
I. INTRODUCTION
The nonlinear extension of the state-space concept of balanced realizations has been introduced in [lo] , mainly based on studying the past input energy and the future output energy. Since then, many results on state-space balancing, modifications, computational issues for model reduction and related minimality considerations for nonlinear systems have appeared in the literature, e.g. However, the original characterization in [IO] was incomplete in the sense that they are not unique and the resulting model reduction procedure gives different reduced models according to the choice of different set of singular value functions.
The authors proposed a new characterization of Hankel singular value functions which have closer relationship to the gain structure of the Hankel operator in [l] . The new singular value functions are called axis singular value functions and are characterized by singular value analysis of the Hankel operators. Although their original definition has no relationship with the conventional singular functions, it was recently shown that the new and conventional singular value functions coincide with each other when the system has a special state-space realization, which can always be obtained by a coordinate transformation. In [2] , this special state-space realization was adopted as the new characterization of input-normalloutput-diagonal balanced realization. It was also proved that model reduction based on this statespace realization preserves several important properties of the original system such as the Hankel norm, controllability and observability properties and so on. However, the above In fact, the largest singular value characterizes the Hankel norm l l C l 1~ of the system C Further, using a similarity transformation (linear coordinate transformation), we can diagonalize both P and Q and furthermore let them coincide with each other, i.e., P = Q = diag(ul,uz,. . . , U " ) .
(31 This state-space realization is called balanced realization.
The system is balanced in two senses: (i) P and Q are in a diagonal form which means that the relationship between the coordinate axes of the state-space is balanced in terms of Hankel singular values, and (ii) P = Q which means that the relationship between the input-to-state behavior and the state-to-output behavior is balanced.
PRELIMINARIES
The balanced realization and the related techniques for nonlinear system have been developed along the way of thinking described in the previous section. First of all, as generalization of controllability and observability Gramians, controllability and observability functions of nonlinear systems were introduced in [IO] . Consider an input-affine nonlinear system C with z(t) E R", ~( t ) E Rm and y ( t ) E R' . Then its controllability function L J z ) and observability function L,(x) are defined by
In the linear case, hold with the controllability and observability Gramians P and Q. The first balancing theory was given as follows. The i~ipur-normauourput-diagonal realization is a basis of what follows. However, this result is incomplete in the sense that the properties (i) and (ii) explained below the equation (3) are not fulfilled exactly. Indeed this realization is not unique [4] and, consequently, the corresponding model reduction procedure gives different reduced models according to the choices of different sets of singular value functions. Recently, some developments on the balanced realization have been done which achieves unique and more precise characterization of input-normavoutputdiagonal realization. Also it has a closer relationship to the nonlinear version of the Hankel operator. As in the linear case, the Hankel operator H of the system C in (4) is given by the composition of the observability and controllability operators H = U o C where to the Hankel operator because it satisfies in a similar way to the linear case (2). Also p.'s are uniquely determined since they are defined only using the input-output property of the Hankel operator.
Furthermore, in 121, [3] , it was shown that there exists an input-normal form whose singular value functions 7,'s have a close relationship to the axis singular value functions p,'s defined above. The result was proved under the following assumptions. Assumption A1 Suppose that the system C in ( This is the main topic of the remainder of the present paper.
IV. MAIN RESULTS
The main contribution obtained here is the balancing between the controllability and observability functions which gives much clearer relationships between the input-to-state and state-to-output behavior of nonlinear dynamical systems.
In order to prove the general case, let us consider the 2-dimensional case at first, which plays the key role in the proof of the general case result. 
L o ( @ ( z ) ) = -((ZIPi(Zl))2 + ( Z Z P 2 ( 2 2 ) ) 2 ) .
Proofi It is assumed without loss of generality that the system is already balanced in the sense of Theorem 3 on the coordinate x , that is, 
= F~( e -' ( T , e i ) , Q -' ( T , L p i ) ) .
The derivative of F, can be calculated as
The relationship (13) 
That is, the coordinate transformation x = @(t) has to coincide with the identity on the axes z = (xl,O) and z = ( 0 ,~) . (ii) Case n = 2 is proved in Lemma 1. 
where X is a smooth scalar function with an appropriate constant c (0 < r < a/2), c.f. [7] It is readily observed that Pk(&) = %k(@k). Furthermore, a coordinate transformation on Rk can be constructed by 
V. CONCLUSION
This paper was devoted to the new characterization of the balanced realization of nonlinear dynamical systems based on singular value analysis of Hankel operators. It has been proved that it is always possible to let the coordinate axes of the state-space appear separately in the controllability and observability functions. This fact can be utilized to derive a real balanced realization containing the balancing between the input-to-state behavior and the state-to-output behavior.
The authors believe that the proposed result will provide a new basis for model reduction and system identification of nonlinear systems.
